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Abstract 

In the absence of gauge fields, quantum field theories on the Groene- 
wold-Moyal (GM) plane are invariant under a twisted action of the 
Poincare group if they are formulated following (U El [3 [H [H [6]. In 
that formulation, such theories also have no UV-IR mixing [7]. Here 
we investigate UV-IR mixing in gauge theories with matter following 
the approach of O Hj. We prove that there is UV-IR mixing in the 
one-loop diagram of the 5-matrix involving a coupling between gauge 
and matter fields on the GM plane, the gauge field being nonabelian. 
There is no UV-IR mixing if it is abelian. 



1 Introduction 

A basic result in the study of field theories on the Groenewold-Moyal (GM) 
plane is the fact that such theories are usually not invariant under the stan- 
dard action of the Poincare group, but may be invariant under its twisted 
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action [HE]. This twisted action, which is given by Drinfelds' twisted co- 
product, has striking consequences. An adequate understanding of the con- 
sequences of such twisted symmetries is yet to be achieved. 

There are mainly two distinct approaches to the study of the conse- 
quences of twisted Poincare invariance on the GM plane. One may be repre- 
sented by works like [8 J and the other may be represented by works like [3]. 
Both approaches start with the algebra of functions Ae{R d ) on M. d with the 
* product defined as 

/ * g(x) := m g (f <g> g){x) = m (^/ ® g)(x), (1) 

where mo(f g)(x) := f{x) ■ g{x) stands for the usual pointwise multiplica- 
tion, and 

F e = e ^a„® d% (2) 

with Q^ v = —9 VI1 = constant, is the Drinfel'd twist element. Both treat 
matter fields as fields on the GM plane. The difference between the two 
approaches lies in the treatment of gauge fields. For [8], gauge fields also are 
fields on Ae(R d ), whereas for [31 0], they are fields based on the commutative 
algebra Ao{R d ). 

The present work investigates some properties of the approach due to 
[3j H] for the construction of field theories on the GM plane. 

A key result in the approach of |4] is that it is possible to write noncom- 
mutative matter fields 4>e G Ag(R d ) in terms of their commutative (9^ — > 0) 
limit 0o £ Ao(R d ) as 

tf> 9 {x) = o (z)^ W , (3) 

where d A P = d^6^ v P u , with P v being the total momentum operator. In 
contrast, gauge fields are commutative: 

A^e = A^ fl . (4) 

Also for [4] the covariant derivative acts on noncommutative matter 
fields 4>o according to 

{D^) e = {{D^<t> )e^ hP , (5) 

where (-D^)o is the standard covariant derivative acting on the commutative 
field 0o- 

In this work we are going to use the preceding ingredients to analyse 
one-loop diagrams contributing to quark-gluon vertex. 
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We prove that there exists a new type of UV-IR mixing in these diagrams. 
For this proof the existence of the twisted gluon propagator is crucial. Its 
construction is recalled in section 2. Then in section 3, we examine the one- 
loop diagram and proceed to single out the integrals in the one-loop diagram 
that show UV-IR mixing. We close this work with concluding remarks. 

Some words of caution before we proceed to the work itself. In the usual 
construction of field theories on the GM plane, the UV-IR mixing is related 
to the appearance of nonplanar loop diagrams [9j. Such mixing happens also 
only in the Euclidian formulation of field theories. It does not occur in the 
Minkowski formulation as clearly shown by Bahns et al. [TUJIH]. In the 
present approach there are no nonplanar loop diagrams and we work with 
the Minkowski metric. Nevertheless, there is UV-IR mixing according to our 
criteria: we assume the absence of UV-IR mixing in a loop diagram only if 
regularization does not mix up UV and IR regions. 

An important point to note is that the S-matrix for the interaction of 
nonabelian gauge fields with matter is not Lorentz invariant [5]. This nonin- 
variance is caused by the nonlocality of quantum fields on the GM plane and 
shows up in scattering amplitudes through their dependence on 9 0l Pi nc , ; i, 
P; nc . being the total incident spatial momentum. 



For specificity, we consider QCD. But similar results can be obtained in any 
nonabelian gauge theory with matter. 

Following [4], the interaction Hamiltonian for QCD on the GM plane can 
be split into two parts: 



where Tig stands for the matter Hamiltonian density, which contains both 
quark fields ift and gluons fields from quark-gluon interaction, and Tif 
stands for the gluon Hamiltonian density, which contains only the gluon fields 
. We may express these fields for 6^ u ^ in terms of fields for 9^ u = as 
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where 



K = eto-fikA^Xa, (9) 
H<f = g{d^ -d u Al fl )A^A c vfl \ a \ b \ c + O{A 4 ), (10) 

with A a being the generators of the Lie algebra of SU(2), are the usual com- 
mutative interaction Hamiltonian density terms, with e and g being coupling 
constants. We will not need A 4 -order terms, since they are irrelevant for the 
forthcoming UV-IR mixing analysis. 
The 5-matrix is defined as 

S = T exp (-i J (fxHlix^j , (11) 

where Hi(x) = Tig 1 + Hf is the interaction Hamiltonian density in interac- 
tion representation, and T is the time-ordering operator. In second order, 
the 5-matrix is written as 

S {2) = ( -^rJ d 4 xd*y T (H^nUy)) , (12) 

where 

T (Hl(x)Hl(y)) = O(x - y ) H I e (x)H I e (y) + 9(y - x ) H^H^x), (13) 

with being the step function. 

It can be shown [5], that ([TO is independent of spatial components of 9, 
so that we can set them to zero. We do so hereafter. 



3 The Twisted Gluon Propagator 

The twisted gluon propagator appears as a simplification for the diagram 
QQ — y 99 an d after a change of variables, that shifts the twisting from the 
q — q — g vertex to the g — g — g vertex. For details see [5]. 

The twisted gluon propagator depicted in figure [1] is defined [5] by 

T (Aftx) (e^ e - p ^A b v [yj) ) = S a % u D e F (x - y), (14) 

with a, b being gauge group indices, and where in the Lorentz gauge, D e F is 
just the twisted propagator of a massless scalar field A: 

D F (x -y)= (15) 
= Q(xo ~ yo) (A(x) (e^(^)°A(y)) ) + Q(y - x ) ( (e^(^)o A(y)) A{x)) . 
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Figure 1: The twisted gluon propagator. The twisting of the gluon propaga- 
tor is symbolized in the figure by a zig-zag line cutting the propagator line. 
Observe that the external lines are not twisted. 



The first braket in the RHS of (fl~5l) can be simplified as 

A(x) (e^ o(e P)o A(v)) \ = t ^ 1 e -ik (x -l(e-P)o-yo)+ik-(x-y) 

^ ' V yy) SI J (2vr)3 2 |fc| 

(16) 

with {6 ■ P)o = J2i Q 0l Pi- In the same way, the second bracket in the RHS 
of (TT5j) can be simplified as 



e h 9 o( 9 - p )o A(y)) A(x)) = I ^ 3 \ e -iko(yo + ±(9-P)o-xo)+ik-(y-x) _ 



(17) 



Inserting (|16l) and (1171) back into (|15j) . we obtain 
, dE d*k 1 ( e**»<w)o 

D° F {x,y) 



27ri (27r) 3 2|jfe| V JS? - A; + it E + k - ie I 

This expression may be rewritten in a covariant form as 

Df '^y) = j <2^i^ r ^ T{k '' {e - PU <19) 



where 
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is the term responsible for the deformation of the gluon propagator due to 
noncommutativity. 

It should be noted that the twisting of the gluon propagator is a reinter- 
pretation of the second order term of the S-matrix At the beginning, 

the twisting is in the quark-gluon vertex associated with the term Hg , which 
represents the interaction between two quarks and one gluon. In expanding 
([T2| . and after some algebra we may translate the twisting from the quark- 
gluon vertex to the gluon propagator line. For detail see [5]. This procedure 
simplifies the Feynman rules. In the new Feynman rules, we should distin- 
guish between twisted gluon lines from untwisted ones. Therefore we mark 
the twisted gluon propagator with a zigzag line cutting the gluon propagator. 

4 One-Loop Diagrams 



Figure 2: A qq — > qq process containing one loop. The propagators in the 
gluon loop are not twisted. This kind of diagram does not possess divergence 
due to twisting. 

In this section we analyse one-loop diagrams constructed out of the 
twisted gluon propagator. There are two possible such one-loop diagrams, 
with loops containing gluon propagators. The first one is depicted in figure 
[2] and the second one is depicted in figure [3) 

In the first one-loop diagram (figure [2]), the loop lines are not twisted. 
Therefore, we do not expect divergence due to twisting in this case. In fact, 
the absence of such divergences can be seen using momentum conservation. 

In the second one-loop diagram (figure [3]), the loop lines are twisted. As 
we are going to see below, this twisting of the loop lines leads to an UV-IR 
mixing logarithmic divergence. 

The loop in figure [3] contains two gluon legs and one quark leg. It may 
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Figure 3: A qq — > g process containing a loop formed with one quark line 
and two twisted gluon lines. This kind of propagator leads to UV-IR mixing, 
which is logarithmic for this diagram. 



be represented by the following integral: 

A" = const, x g 3 f abc X b X c x 

v r d 4 k l^+m)-y v [(2p-q-k) v 'q^p+(2k-p-q)p'q^+(2q-k-p)^'q V p\ 
* J (2^F k' 2 +m 2 -it X 

„ T(p-k;(8-P) )T(q-k;(8-P) ) 
A [(p-k) 2 -ie][(q-k) 2 -ie] 

We can see that one can split this loop integral in three kinds of integrals 
with respect to the degree of the integrated variable in the numeratoi0, i.e., 
upto constants, 



I(P, 



d 4 k k n T(p-k;(e-P)o)T(q-k;(6-P) ) 

(2vr) 4 (k 2 + m 2 - ie) [(p - k) 2 - ie] [(q - k) 2 - ie] ' 

(21) 



x We are only interested in the functional form of the integrand with respect to the 
variable ft. Thus we do not need to consider the Dirac matrices 7,,, structure constant 
f a b c and so on in the expression of I(p, q)g. By ft", we mean any monomial of degree n in 
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with n = 0, 1, 2. Now, dimensional analysis shows that ultraviolet divergent 
terms come from those with k 2 in the numerator, i.e., J(p, q)g. 

In what follows we will be interested only in I(p, k) 2 ,. It can be written 
as an integral of the form 



I(p, 



d A k k 2 T(p-k;(9-P) Q )T(q-k;(9-P) ) 



(2tt) 4 (k 2 -m 2 ) \(p - k) 2 - ie][{q - k) 2 - ie] 

d 4 k T{p — k;(9 ■ P)o)T(q -k;{9- P) ) 



m 2 I(p,q)° g + 



(2tt) 4 [(p - k) 2 - ie][(q - k) 2 - ie] 

The divergent integral is collected in X = I(p,q)g — m 2 I(p,q)g, i.e., 

d 4 k T(p-k;(9-P) )T(q-k; (9 ■ P) ) 
(2vr) 4 [(p - k) 2 - ie) [(q - k) 2 - ie] ' 



(22) 



We now as usual rotate ko integration to go to Euclidian space. Then we 
make a shift in fc, the integration variable, to u = p — k, so that the integral 
can be simplified to 

^_ f d 4 u T(u;(9-P) )T(a-u;(9-P)o) 

J (2vr) 4 u 2 {a-u) 2 ' { 6 > 

where a = q — p. This integral can be further simplified using the Feynman 
parametrization as 

j I I' 1 dx T ^ u ' ^ ■ p )o) T (« - «; ■ p )o) _ 



(2^) 4 J [ x ( a - u) 2 + (1 - x)u 2 } 2 

o X J (2vr) 4 [(„ - ax) 2 + a 2 x(l - x)} 2 ' 

where in the last equality we have simplified the denominator and exchanged 
the order of integration. Now, we can redefine the integration variable, so 
that 

X = f 1 dx f — T{V + aX] { ° " P)o)T(a(1 ~ X) ~ V > (g • P)o) , (24) 



(2vr) 4 [v 2 + c(x)Y 

where v = u — ax and c(x) = a 2 x(l — x). 

Analysing the product T(v + ax; (9 ■ P)o)T(a(l — x) — v; (9 ■ P)q) in the 
numerator of (j21"l) . we note that the term with leading divergence contains 
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a product of cosines, cos( \ v+ax \( e p )° ) cos ( M 1 Ei ^ v \( e p )° ). Furthermore, ex- 
panding this cosine product in exponentials we see that a typical divergent 
term in 2 can be written in Euclidian space as 

dx J d n 2 Jdv Jdr {r2 + vl + <x)? , (25) 

where we are using spherical coordinates for the spatial directions, with dQ<2 
being the solid angle differential. There are three other terms in (|25|) . where 
{2x — 1) is replaced by its negative or ±1. It is enough for us to consider 
([251) . as the final divergence given in below is seen to be independent of o, 
so that these terms add. This integral may be further rewritten as 



-l 

47r / dx 



d 



dc{x) 



r 2 e ir(e-P) +i%(2x-l) 

dvQ I dr- 



" 2 + v q + c(x) 



(26) 



Apart from the derivative with respect to c(x), this integral resembles the 
integral for UV-IR mixing in [9j. We now use the same procedure as in [9] 
to tackle the integral inside the square brackets. So, we write the integrand 
in (|26p using the Schwinger parameters to obtain 



r 2 e ir(0-P) o +i§ (21-1) 



dv / dr „ 

J r z + vfi + c(x) 

da I dva I drr 2 e ir(6.P) +q(2 X -l)-a(r*W +c(x)), 



Performing the integrals in vq and r, and keeping only leading terms in 9 
and a 2 (or c(x j), the expression (|26l) may be rewritten as 

1 , d f°° da _(±nl_ ac(x) 
dc(x) J a 2 

We may regulate the small a or ultraviolet divergence in the above integral 
by the insertion of the term exp(— so that (i27l) becomes 

1 , d f°° da ^a~ac(*) 

dx— - / -^e a A eff 28 
dc(x) Jo a 2 

i (9-P) 2 i 

where -A- = 4 + j^. Performing the integral in a and then taking the 

eff 

derivative with respect to c(x), we finally find that it behaves like 

H i? - + ^) • (29) 
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Observe that when A — > oo (UV region), the above term goes like ln((8 • P)q) . 
Furthermore if we consider the limit (6 ■ P)q — > (IR region) together with 
the above limit, then this term diverges logarithmically. This is the UV-IR 
mixing divergence in logarithmic form. 

5 Conclusion 

We have shown in this work that QCD on the GM plane (twisted QCD) 
presents UV-IR mixing divergence. This corroborates expectations already 
mentioned in [3j [12]. In the usual formulation of quantum field theories 
on the GM plane, the UV-IR mixing is associated with the appearance of 
nonplanar vertices in the Euclidian formulation. But such UV-IR mixing is 
absent for Minkowski metrics. 

We do not have nonplanar vertices and we work in Minkowski space. 

There are however twisted vertices in QCD processes involving interac- 
tion between matter and gauge fields in our approach. In this paper, we have 
singled out a one-loop diagram containing such a twisted vertex, which shows 
an UV-IR mixing logarithmic divergence. This is so despite the absence of 
nonplanar diagrams and use of Minkowski metric. 
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